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7 KLV SD SH U LQY H VWLJ D WH V D Q D UF KLWH F WXUD O R SWLR Q IR U F R QVWUXF W�
LQJ KLJ K VD PSOH �UD WH QD UUR Z �ED QG VLQJ OH UD WH D QG PXOWL�UD WH
pOWH UV XVLQJ ; LOLQ[ pH OG SUR J UD PPD EOH J D WH D UUD \ �) 3*$ �
WH F KQR OR J \ � 6LJ PD �GH OWD PR GXOD WLR Q H QF R GLQJ LV D SSOLH G WR
WKH LQSXW GD WD LQ R UGH U WR H oH F W D UH GXF WLR Q LQ WKH SUH F LVLR Q
R I WKH D ULWKPH WLF XQLWV LQ WKH pOWH U� 7 KLV LV GR QH Z LWKR XW
F R PSUR PLVLQJ WKH VLJ QD O LQWH J ULW\ Z LWKLQ WKH ED QG R I LQ�
WH UH VW� 7 KH LPSOH PH QWD WLR Q SUR Y LGH V D VLJ QLpF D QW VD Y LQJ V
LQ GH Y LF H OR J LF UH VR XUF H V LQ F R PSD ULVR Q WR R WKH U WH F KQLT XH V
WKD W SUR Y LGH WKH VD PH IXQF WLR QD OLW\ � 7 KH VLJ PD �GH OWD SUH �
SUR F H VVR U LV GH VF ULEH G D QG LWV LPSOH PH QWD WLR Q XVLQJ ; & � � � �
) 3*$ V LV UH SR UWH G� 7 KH D UF KLWH F WXUH R I WKH UH GXF H G SUH F L�
VLR Q pOWH U LV SUH VH QWH G D QG LWV ) 3*$ UH D OL] D WLR Q GH VF ULEH G�

�� ,1 752'8& 7,21

1 D UUR Z �ED QG pOWH UV D UH XWLOL] H G LQ PD Q\ D SSOLF D WLR QV� ) R U
H [ D PSOH � QD UUR Z �ED QG F R PPXQLF D WLR Q UH F H LY H UV� PXOWL�F KD QQH O
5) VXUY H LOOD QF H V\ VWH PV D QG IR U VR OY LQJ VR PH VSH F WUXP
PD QD J H PH QW SUR EOH PV�

' D WD T XD QWL] H G E\ D XQLIR UP T XD QWL] H U R SH UD WLQJ D W WKH
1 \ T XLVW UD WH LV WKH VWD QGD UG VR OXWLR Q WR WKH SUR EOH P R I UH S�
UH VH QWLQJ GD WD Z LWKLQ D VSH F LpH G G\ QD PLF UD QJ H � (D F K D G�
GLWLR QD O ELW R I UH VR OXWLR Q LQ WKH T XD QWL] H U SUR Y LGH V D Q LQ�
F UH D VH LQ G\ QD PLF UD QJ H R I D SSUR [ LPD WH O\ � G%� $ VLJ QD O
Z LWK � � G% R I G\ QD PLF UD QJ H UH T XLUH V � � ELWV� Z KLOH � � ELWV
F D Q UH SUH VH QW GD WD Z LWK D G\ QD PLF UD QJ H R I � � G%�

:KLOH WKH UH T XLUH G G\ QD PLF UD QJ H R I D V\ VWH P p[ H V WKH
QXPEH U R I ELWV UH T XLUH G WR UH SUH VH QW WKH GD WD � LW D OVR H oH F WV
WKH H [ SH QVH R I VXEVH T XH QW D ULWKPH WLF R SH UD WLR QV� LQ SD UWLF �
XOD U PXOWLSOLF D WLR QV� ,Q D Q\ KD UGZ D UH LPSOH PH QWD WLR Q� D QG
R I F R XUVH WKLV LQF OXGH V ) 3*$ ED VH G ' 63 SUR F H VVR UV� WKH UH
D UH VWUR QJ H F R QR PLF LPSH UD WLY H V WR PLQLPL] H WKH QXPEH U�
D QG F R PSOH [ LW\ � R I WKH D ULWKPH WLF F R PSR QH QWV H PSOR \ H G LQ
WKH GD WD SD WK� 7 KH SUR SR VD O LQY H VWLJ D WH G LQ WKLV SD SH U LV
WR H PSOR \ QR LVH �VKD SLQJ WR UH GXF H WKH SUH F LVLR Q R I WKH LQ�
SXW GD WD VD PSOH V VR WKD W WKH F R PSOH [ LW\ R I WKH PXOWLSO\ �
D F F XPXOD WH �0 $ & � XQLWV LQ WKH pOWH U F D Q EH PLQLPL] H G�
2I F R XUVH � WKH SUH �SUR F H VVLQJ PXVW QR W F R PSUR PLVH WKH LQ�
WH J ULW\ R I WKH VLJ QD O LQ WKH ED QG R I LQWH UH VW� 7 KH QH W UH VXOW LV
D UH GXF WLR Q LQ WKH D PR XQW R I ) 3*$ OR J LF UH VR XUF H V UH T XLUH G
WR UH D OL] H WKH VSH F LpH G pOWH U�

) LUVW� WKH R Y H UD OO V\ VWH P D UF KLWH F WXUH H PSOR \ LQJ QR LVH �
VKD SLQJ WH F KQLT XH V D QG D UH GXF H G F R PSOH [ LW\ ) ,5 pOWH U LV

SUH VH QWH G� 7 KH h c SUH �SUR F H VVR U LV GH VF ULEH G LQ GH WD LO D QG
LWV LPSOH PH QWD WLR Q XVLQJ ; LOLQ[ ; & � � � � >� @ GH Y LF H V LV UH �
SR UWH G� 7 KH D UF KLWH F WXUH R I WKH UH GXF H G SUH F LVLR Q PXOWLSO\ �
D F F XPXOD WH XQLWV XVH G LQ WKH pOWH U D UH D OVR GH VF ULEH G� 1 H [ W�
D QR Y H O PXOWL�UD WH D UF KLWH F WXUH H PSOR \ LQJ GXD O h c PR GXOD �
WR UV LV SUH VH QWH G� 7 KH VLQJ OH �UD WH D QG PXOWL�UD WH pOWH UV D UH
F R PSD UH G WR D F R QY H QWLR QD O ) 3*$ ) ,5 pOWH U LPSOH PH Q�
WD WLR Q D QG VKR Z Q WR SUR Y LGH D UH D VD Y LQJ V R I J UH D WH U WKD Q
� � � GH SH QGLQJ R Q WKH V\ VWH P VSH F LpF D WLR QV� ) LQD OO\ � VR PH
F R QF OXVLR QV D UH GUD Z Q D QG VH Y H UD O F R QVLGH UD WLR QV UH J D UGLQJ
WKH D SSOLF D ELOLW\ R I WKH SUR SR VH G h c PR GXOD WR U ) ,5 D UH
KLJ KOLJ KWH G�

�� 5('8& (' & 20 3 / (; ,7< ) ,/ 7(56 86 ,1 *
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& R QVLGH U WKH VWUXF WXUH VKR Z Q LQ ) LJ XUH � � ,QVWH D G R I D SSO\ �
LQJ WKH T XD QWL] H G GD WD [�Q� IUR P WKH D QD OR J �WR �GLJ LWD O F R Q�
Y H UWH U �$ � ' � GLUH F WO\ WR WKH pOWH U� LW Z LOO EH SUH �SUR F H VVH G
E\ D h c PR GXOD WR U�

A/Dx(t) Σ∆
x(n)

y(n)H(z)
x(n)^

) LJ XUH � � 5H GXF H G F R PSOH [ LW\ ) ,5 pOWH ULQJ H PSOR \ LQJ D
h c SUH SUR F H VVR U�

7 KH UH �T XD QWL] H G LQSXW VD PSOH V A[�Q� D UH QR Z UH SUH �
VH QWH G XVLQJ IH Z H U ELWV SH U VD PSOH � VR SH UPLWWLQJ WKH VXE�
VH T XH QW pOWH U +�]� WR H PSOR \ UH GXF H G SUH F LVLR Q PXOWLSOLH UV
LQ WKH PH F KD QL] D WLR Q� 7 KH pOWH U F R H rF LH QWV D UH VWLOO N H SW WR
D KLJ K SUH F LVLR Q�

7 KH h c GD WD UH �T XD QWL] H U LV ED VH G R Q D VLQJ OH OR R S
VLJ PD �GH OWD PR GXOD WR U >� @� ,Q WKLV F R QpJ XUD WLR Q� WKH GLI�
IH UH QF H EH WZ H H Q WKH T XD QWL] H U LQSXW D QG R XWSXW VD PSOH LV
D PH D VXUH R I WKH T XD QWL] D WLR Q H UUR U Z KLF K LV IH G ED F N D QG
VXEWUD F WH G IUR P WKH QH [ W LQSXW VD PSOH � 7 KH H UUR U�IH H GED F N
VLJ PD �GH OWD PR GXOD WR U R SH UD WH V R Q D KLJ KO\ R Y H UVD PSOH G
LQSXW D QG XVH V WKH XQLW GH OD \ ]b� D V D SUH GLF WR U� :LWK
WKLV ED VLF H UUR U IH H GED F N PR GXOD WR U R QO\ D VPD OO IUD F WLR Q R I
WKH ED QGZ LGWK F D Q EH R F F XSLH G E\ WKH UH T XLUH G VLJ QD O� ,Q
D GGLWLR Q� WKH F LUF XLW R QO\ R SH UD WH V D W ED VH ED QG� $ OD UJ H U
IUD F WLR Q R I WKH 1 \ T XLVW ED QGZ LGWK F D Q EH PD GH D Y D LOD EOH
D QG WKH PR GXOD WR U F D Q EH WXQH G LI D PR UH VR SKLVWLF D WH G H U�
UR U SUH GLF WR U LV H PSOR \ H G� 7 KLV UH T XLUH V UH SOD F LQJ WKH XQLW



GH OD \ Z LWK D SUH GLF WLR Q pOWH U 3 �]�� 7 KLV J H QH UD OL] H G PR GX�
OD WR U LV VKR Z Q LQ ) LJ XUH � �

x(n)

-
+

q( ). ^+
x(n)

aM-1

Predictor Filter P(z)

a4 a3 a2 a1

z-1z-1z-1z-1 z-1

+

) LJ XUH � � 7 XQD EOH VLJ PD �GH OWD PR GXOD WR U XVLQJ D OLQH D U pO�
WH U LQ WKH IH H GED F N SD WK�

7 KH R SH UD WLR Q R I WKH UH �T XD QWL] H U F D Q EH XQGH UVWR R G E\
F R QVLGH ULQJ WKH WUD QVIR UP GR PD LQ GH VF ULSWLR Q R I WKH F LUF XLW�
7 KLV LV H [ SUH VVH G LQ (T � �� � D V

A;�]�  ;�]� �4�]��� b 3 �]�]b�� �� �

Z KH UH 4�]� LV WKH ]�WUD QVIR UP R I WKH H T XLY D OH QW QR LVH
VR XUF H D GGH G E\ WKH T XD QWL] H U T�c�� 3 �]� LV WKH WUD QVIH U

IXQF WLR Q R I WKH H UUR U SUH GLF WR U pOWH U� D QG ;�]� D QG A;�]�
D UH WKH WUD QVIR UPV R I WKH V\ VWH P LQSXW D QG R XWSXW UH VSH F �
WLY H O\ � 3 �]� LV GH VLJ QH G WR KD Y H XQLW\ J D LQ D QG OH D GLQJ
SKD VH VKLIW LQ WKH ED QGZ LGWK R I LQWH UH VW� :LWKLQ WKH GH �
VLJ Q ED QGZ LGWK� WKH WH UP 4�]��� b 3 �]�]b��  � D QG VR
A;�]�  ;�]�� %\ GH VLJ QLQJ 3 �]� WR EH F R PPH QVXUD WH Z LWK
WKH V\ VWH P SD VVED QG VSH F LpF D WLR QV� WKH LQ�ED QG VSH F WUXP
R I WKH UH �T XD QWL] H U R XWSXW Z LOO LGH D OO\ EH WKH VD PH D V WKH
F R UUH VSR QGLQJ VSH F WUD O UH J LR Q R I WKH LQSXW VLJ QD O�

7 R LOOXVWUD WH WKH R SH UD WLR Q R I WKH V\ VWH P F R QVLGH U WKH
WD VN R I UH F R Y H ULQJ D VLJ QD O WKD W R F F XSLH V � � � R I WKH D Y D LO�
D EOH ED QGZ LGWK D QG LV F H QWH UH G D W D QR UPD OL] H G IUH T XH QF \
R I � � � + ] � 7 KH VWR SED QG UH T XLUH PH QW LV WR SUR Y LGH � � G%
R I D WWH QXD WLR Q� ) LJ XUH � �D � VKR Z V WKH LQSXW WH VW VLJ QD O� ,W
F R PSULVH V D Q LQ�ED QG F R PSR QH QW D QG WZ R R XW�R I�ED QG WR QH V
WKD W D UH WR EH UH MH F WH G� ) LJ XUH � �E� LV D IUH T XH QF \ GR PD LQ
SOR W R I WKH VLJ QD O D IWH U LW KD V EH H Q UH �T XD QWL] H G WR � ELWV
R I SUH F LVLR Q E\ D h c PR GXOD WR U H PSOR \ LQJ D Q � WK R UGH U
SUH GLF WR U LQ WKH IH H GED F N SD WK� 1 R WLF H WKD W WKH � � G% G\ �
QD PLF UD QJ H UH T XLUH PH QW LV VXSSR UWH G LQ WKH ED QGZ LGWK R I
LQWH UH VW� EXW WKD W WKH R XW�R I�ED QG 61 5 KD V EH H Q F R PSUR �
PLVH G� 7 KLV LV R I F R XUVH D F F H SWD EOH � VLQF H WKH VXEVH T XH QW
pOWH ULQJ R SH UD WLR Q Z LOO SUR Y LGH WKH QH F H VVD U\ UH MH F WLR Q� $
� � � �WD S pOWH U +�]� VD WLVpH V WKH SUR EOH P VSH F LpF D WLR QV� 7 KH
IUH T XH QF \ UH VSR QVH R I +�]� XVLQJ � � �ELW pOWH U F R H rF LH QWV LV
VKR Z Q LQ ) LJ XUH � �F �� ) LQD OO\ � +�]� LV D SSOLH G WR WKH UH �

GXF H G VD PSOH SUH F LVLR Q GD WD VWUH D P A;�]� WR SUR GXF H WKH
VSH F WUXP VKR Z Q LQ ) LJ XUH � �G�� 2EVH UY H WKD W WKH GH VLUH G
WR QH KD V EH H Q UH F R Y H UH G� WKH WZ R R XW�R I�ED QG F R PSR QH QWV
KD Y H EH H Q UH MH F WH G� D QG WKD W WKH LQ�ED QG G\ QD PLF UD QJ H
PH H WV WKH � � G% UH T XLUH PH QW�

�� h c 0 2'8/ $ 725 ) 3 *$
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7 KH PR VW F KD OOH QJ LQJ D VSH F W R I LPSOH PH QWLQJ WKH GD WD PR G�
XOD WR U LV SUR GXF LQJ D Q H rF LH QW LPSOH PH QWD WLR Q IR U WKH SUH �
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) LJ XUH � � �D � ,QSXW VLJ QD O � � � E VD PSOH V� �E� 6KD SH G LQSXW
� � E VD PSOH V� �F � ) LOWH U UH VSR QVH � � � E F R H rF LH QWV� �G�
) LOWH UH G UH VXOW�

GLF WLR Q pOWH U 3 �]�� 7 KH GH VLUH WR VXSSR UW KLJ K�VD PSOH UD WH V�
D QG WKH UH T XLUH PH QW R I ] H UR OD WH QF \ IR U 3 �]�� Z LOO SUH F OXGH
ELW�VH ULD O PH WKR GV IUR P WKLV SUR EOH P� ,Q D GGLWLR Q� IR U WKH
VD N H R I D UH D H rF LH QF \ � SD UD OOH O PXOWLSOLH UV WKD W H [ SOR LW R QH
WLPH �LQY D ULD QW LQSXW R SH UD QG �WKH pOWH U F R H rF LH QWV� Z LOO EH
XVH G� UD WKH U WKD Q J H QH UD O Y D ULD EOH �Y D ULD EOH PXOWLSOLH UV� 7 KH
FRQV WDQW FRHr FLHQW PX OWLSOLHU � & & 0 � LV ED VH G R Q D PXOWL�
ELW LQVSH F WLR Q Y H UVLR Q R I %R R WK
V D OJ R ULWKP >� @� 3D UWLWLR QLQJ
WKH LQSXW Y D ULD EOH LQWR � �ELW QLEEOH V LV D F R QY H QLH QW VH OH F WLR Q
IR U WKH ; LOLQ[ ; & � � � � IXQF WLR Q J H QH UD WR UV �) *� >� @� (D F K
) * KD V � LQSXWV D QG F D Q EH XVH G IR U F R PELQD WR ULD O OR J LF R U
D V D SSOLF D WLR Q 5$ 0 � 520 � (D F K F R QpJ XUD EOH OR J LF EOR F N
�& /%� >� @ LQ WKH ; & � � � � OR J LF PD WUL[ F R PSULVH V � ) *V�
D QG VR F D Q D F F R PPR GD WH D � � d � PH PR U\ VOLF H � 8 VLQJ
WKH UXOH R I WKXPE WKD W H D F K ELW R I pOWH U F R H rF LH QW SUH F LVLR Q
F R QWULEXWH V � G% WR WKH VLGH OR EH EH KD Y LR U� � � �ELW SUH F LVLR Q
LV XVH G IR U 3 �]�� � � �ELW SUH F LVLR Q Z LOO D OVR EH H PSOR \ H G IR U
WKH LQSXW VD PSOH V � 7 KH UH D UH � � �ELW QLEEOH V LQ H D F K LQSXW
VD PSOH � & R QF XUUH QWO\ � H D F K QLEEOH D GGUH VVH V LQGH SH QGH QW
� � d � � OR R N XS WD EOH V �/8 7 V�� 7 KH ELW J UR Z WK LQF R USR UD WH G
KH UH D OOR Z V IR U Z R UVW F D VH pOWH U F R H rF LH QW VF D OLQJ LQ 3 �]��
1 R SLSH OLQH VWD J H V D UH SH UPLWWH G LQ WKH PXOWLSOLH UV EH F D XVH
R I 3 �]�
V OR F D WLR Q LQ WKH IH H GED F N SD WK R I WKH PR GXOD WR U�
,W LV F R QY H QLH QW WR XVH WKH WUD QVSR VH G ) ,5 pOWH U IR U F R Q�
VWUXF WLQJ WKH SUH GLF WR U� 7 KLV D OOR Z V WKH D GGH UV D QG GH OD \
H OH PH QWV LQ WKLV VWUXF WXUH WR R F F XS\ D VLQJ OH & /% VOLF H � � �
& /%V D UH UH T XLUH G WR EXLOG WKH D F F XPXOD WH �GH OD \ SD WK� 7 KH
) 3*$ OR J LF UH T XLUH PH QWV IR U 3 �]�� XVLQJ D � �WD S SUH GLF WR U�
LV b�3 �]��  � d � � � � �  � � � & /%V� $ VPD OO D PR XQW R I
D GGLWLR QD O OR J LF LV UH T XLUH G WR F R PSOH WH WKH H QWLUH h c PR G�
XOD WR U� 7 KH pQD O & /% F R XQW LV � � � � 7 KH H QWLUH PR GXOD WR U
F R PIR UWD EO\ R SH UD WH V Z LWK D � � 0 + ] F OR F N � 7 KH F ULWLF D O
SD WK WKUR XJ K WKLV SD UW R I WKH GH VLJ Q LV UH OD WH G WR WKH H [ F OX�
VLR Q R I SLSH OLQLQJ LQ WKH PXOWLSOLH UV�



x(n)

y(n)

aN-1 aN-2 aN-3 a0

z-1 z-1 z-1

^

implemented as a table lookup using
a multi-digit version of Booth’s algorithm.

) LJ XUH � � $ UH D R SWLPL] H G ) 3*$ ) ,5 VWUXF WXUH �

�� 5('8& (' & 20 3 / (; ,7< ) ,5
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1 R Z WKD W WKH LQSXW VLJ QD O LV D Y D LOD EOH D V D UH GXF H G SUH F L�
VLR Q VD PSOH VWUH D P� pOWH ULQJ F D Q EH SH UIR UPH G XVLQJ D UH D
R SWLPL] H G KD UGZ D UH � ) R U WKH UH D VR QV GLVF XVVH G D ER Y H � � �ELW
GD WD VD PSOH V D UH D F R QY H QLH QW PD WF K IR U ; & � � � � GH Y LF H V�
) LJ XUH � VKR Z V WKH VWUXF WXUH R I WKH UH GXF H G F R PSOH [ LW\ ) ,5
pOWH U� 7 KH F R GH G VD PSOH V A[�Q� D UH SUH VH QWH G WR WKH D G�
GUH VV LQSXWV R I 1 F R H rF LH QW /8 7 V� ,Q D F F R UGD QF H Z LWK WKH
PR GXOD WH G GD WD VWUH D P SUH F LVLR Q� H D F K /8 7 VWR UH V WKH � �
SR VVLEOH VF D OH G F R H rF LH QW Y D OXH V IR U R QH WD S� $ Q 1 �WD S
pOWH U UH T XLUH V 1 VXF K H OH PH QWV� 7 KH R XWSXWV R I WKH PLQ�
LPL] H G PXOWLSOLH UV D UH F R PELQH G Z LWK D Q D GG�GH OD \ GD WD S�
D WK WR SUR GXF H WKH pQD O UH VXOW� 7 KH OR J LF UH T XLUH PH QW IR U
WKH pOWH U LV b�+�]��  1b�08/� � �1 b � �b�$'' ]b��
Z KH UH b�08/� D QG b�$'' ]b�� D UH WKH ) 3*$ D UH D F R VW
IXQF WLR QV IR U D UH GXF H G F R PSOH [ LW\ PXOWLSOLH U D QG D Q D GG�
GH OD \ GD WD SD WK F R PSR QH QW UH VSH F WLY H O\ � (D F K & & 0 R F F X�
SLH V � � & /%V� D QG � & /%V D UH UH T XLUH G IR U D Q D GG�GH OD \
F R PSR QH QW� 7 KH WR WD O F R VW R I D GLUH F W LPSOH PH QWD WLR Q R I
+�]� LV � � � � & /%V� 7 KH UH GXF H G F R PSOH [ LW\ F R QVWD QW F R �
H rF LH QW PXOWLSOLH UV H D F K F R QVXPH � & /%V� ,QF OXGLQJ WKH
VLJ PD �GH OWD PR GXOD WR U WKH & /% F R XQW LV � � � � � 6R WKH GD WD
UH �T XD QWL] D WLR Q D SSUR D F K F R QVXPH V R QO\ � � � R I WKH OR J LF
UH VR XUF H V R I D GLUH F W LPSOH PH QWD WLR Q�

�� h c '(& ,0 $ 7256

7 KH SUR F H GXUH IR U UH �T XD QWL] LQJ WKH VR XUF H GD WD F D Q D OVR EH
XVH G H oH F WLY H O\ LQ D Q P � � GH F LPD WLR Q pOWH U� $ Q LQWH UH VW�
LQJ SUR EOH P LV SUH VH QWH G Z KH Q KLJ K LQSXW VD PSOH UD WH V �y
� � � 0+]� PXVW EH VXSSR UWH G LQ ) 3*$ WH F KQR OR J \ � + LJ K�
SH UIR UPD QF H PXOWLSOLH UV D UH W\ SLF D OO\ UH D OL] H G E\ LQF R USR �
UD WLQJ SLSH OLQLQJ LQ WKH GH VLJ Q� 7 KLV QD WXUD OO\ LQWUR GXF H V
VR PH OD WH QF \ LQ WR WKH V\ VWH P� 7 KH OR F D WLR Q R I WKH SUH GLF WR U
pOWH U 3 �]� UH T XLUH V D ] H UR �OD WH QF \ GH VLJ Q�� ,QVWH D G R I UH �
T XD QWL] LQJ � pOWH ULQJ D QG GH F LPD WLQJ � Z KLF K Z R XOG R I F R XUVH
UH T XLUH D h c PR GXOD WR U UXQQLQJ D W WKH LQSXW VD PSOH UD WH �
WKLV VH T XH QF H R I R SH UD WLR QV PXVW UH �R UGH UH G WR SH UPLW VH Y �
H UD O VOR Z H U PR GXOD WR UV WR EH XVH G LQ SD UD OOH O� 7 KH SUR F H VV
LV SH UIR UPH G E\ pUVW GH F LPD WLQJ WKH VLJ QD O� UH �T XD QWL] LQJ
D QG WKH Q pOWH ULQJ � 1 R Z WKH h c PR GXOD WR UV R SH UD WH D W WKH

�,W LV S RVVLE OH WK DW WK H S U HG LFWRU FRX OG E H P RG Lp HG WR S U H�
G LFW VDP S OHV IX U WK HU DK HDG LQ WK H WLP H VHU LHV� E X W WK LV S RWHQ WLDO
P RG Lp FDWLRQ Z LOO Q RW E H G HDOW Z LWK LQ WK H OLP LWHG VS DFH DY DLODE OH�

A/D

Σ∆0

Σ∆1

x(t)

x0(n)^

H1(z)

cos(θ0n)

sin(θ0n)

I

Q

H0(z)

x1(n)^

) LJ XUH � � ' XD O KD OI�UD WH h c PR GXOD WR UV LQ P�� F R PSOH [
GH F LPD WR U F R QpJ XUD WLR Q�

UH GXF H G R XWSXW VD PSOH UD WH � 7 KLV LV GH SLF WH G LQ ) LJ XUH � �
7 R VXSSR UW D UELWUD U\ F H QWH U IUH T XH QF LH V� D QG D Q\ D UELWUD U\ �
EXW LQWH J H U� GR Z Q�VD PSOLQJ ID F WR U P� WKH ED QGSD VV GH F LPD �
WLR Q pOWH U PXVW H PSOR \ F R PSOH [ Z H LJ KWV� 7 KH pOWH U Z H LJ KWV
D UH R I F R XUVH MXVW WKH ED QGSD VV PR GXOD WH G F R H rF LH QWV R I
D OR Z SD VV SUR WR W\ SH pOWH U GH VLJ QH G WR VXSSR UW WKH ED QG�
Z LGWK R I WKH WD UJ H W VLJ QD O� 6D PSOH V D UH F R OOH F WH G IUR P WKH
$ � ' D QG D OWH UQD WH G EH WZ H H Q WKH WZ R PR GXOD WR UV� %R WK
PR GXOD WR UV D UH LGH QWLF D O D QG XVH WKH VD PH SUH GLF WR U pOWH U
F R H rF LH QWV� 7 KH UH �T XD QWL] H G VD PSOH V D UH SUR F H VVH G E\ D Q
P � � F R PSOH [ SR O\ SKD VH pOWH U WR SUR GXF H WKH GH F LPD WH G
VLJ QD O� 6H Y H UD O GH VLJ Q R SWLR QV D UH SUH VH QWH G R QF H WKH VLJ QD O
KD V EH H Q pOWH UH G D QG WKH VD PSOH UD WH OR Z H UH G� ) LJ XUH � LO�
OXVWUD WH V R QH SR VVLELOLW\ � 1 R Z WKD W WKH GD WD UD WH KD V EH H Q
UH GXF H G� WKH OR Z UD WH VLJ QD O LV H D VLO\ VKLIWH G WR ED VH ED QG
Z LWK D VLPSOH � D QG D UH D H rF LH QW� F R PSOH [ KH WH UR G\ QH � 2QH
PXOWLSOLH U D QG D VLQJ OH GLJ LWD O IUH T XH QF \ V\ QWKH VL] H U F R XOG
EH WLPH VKD UH G WR H [ WUD F W R QH R U PXOWLSOH F KD QQH OV�

,W LV LQWH UH VWLQJ WR LQY H VWLJ D WH VR PH R I WKH F KD QJ H V WKD W
D UH UH T XLUH G WR VXSSR UW WKH h c GH F LPD WR U� :KD W PD \
QR W EH LPPH GLD WH O\ R EY LR XV LV WKD W WKH F H QWH U IUH T XH QF \
R I WKH SUH GLF WLR Q pOWH U PXVW EH GH VLJ QH G WR SUH GLF W VD PSOH V
LQ WKH UH T XLUH G VSH F WUD O UH J LR Q LQ D F F R UGD QF H Z LWK WKH R XW�
SXW VD PSOH UD WH � ) R U H [ D PSOH � F R QVLGH U P  � � D QG WKH
UH T XLUH G F KD QQH O F H QWH U IUH T XH QF \ OR F D WH G D W � � � + ] � QR U�
PD OL] H G Z LWK UH VSH F W WR WKH LQSXW VD PSOH UD WH � 7 KH SUH GLF �
WLR Q pOWH U PXVW EH GH VLJ QH G Z LWK D F H QWH U IUH T XH QF \ OR F D WH G
D W � � � + ] � ,Q D GGLWLR Q� WKH TX DOLW\ R I WKH SUH GLF WLR Q PXVW
EH LPSUR Y H G� :LWK UH VSH F W WR WKH R XWSXW VD PSOH UD WH � WKH
SUH GLF WR UV D UH UH T XLUH G WR R SH UD WH R Y H U D Z LGH U IUD F WLR QD O
ED QGZ LGWK� 7 KLV LPSOLH V PR UH pOWH U F R H rF LH QWV LQ 3 �]��
7 KH LQF UH D VH LQ F R PSOH [ LW\ R I WKLV F R PSR QH QW PXVW R I F R XUVH
EH ED OD QF H G D J D LQVW WKH VD Y LQJ V WKD W UH VXOW LQ WKH UH GXF H G
F R PSOH [ LW\ pOWH U VWD J H WR F R QpUP WKD W D QH W VD Y LQJ V LQ OR J LF
UH T XLUH PH QWV LV SUR GXF H G� 7 R PR UH F OH D UO\ GH PR QVWUD WH WKH
D SSUR D F K� F R QVLGH U D � �� GH F LPD WR U� D F KD QQH O F H QWH U IUH �
T XH QF \ D W � � � + ] D QG D � � G% G\ QD PLF UD QJ H UH T XLUH PH QW�

) LJ XUH � �D � VKR Z V WKH GR XEOH VLGH G VSH F WUXP R I WKH LQ�
SXW WH VW VLJ QD O� 7 KH LQSXW VLJ QD O LV F R PPXWD WH G EH WZ H H Q
h c� D QG h c� WR SUR GXF H WKH WZ R OR Z SUH F LVLR Q VH T XH QF H V
A[��Q� D QG A[��Q�� 7 KH UH VSH F WLY H VSH F WUXPV R I WKH VH WZ R
VLJ QD OV D UH VKR Z Q LQ ) LJ XUH V � �E� D QG � �F �� 7 KH F R PSOH [
GH F LPD WLR Q pOWH U UH VSR QVH LV GH pQH G LQ ) LJ XUH � �G�� $ IWH U
pOWH ULQJ � D F R PSOH [ VD PSOH VWUH D P VXSSR UWH G D W WKH OR Z
R XWSXW VD PSOH UD WH LV SUR GXF H G� 7 KLV VSH F WUXP LV VKR Z Q LQ
) LJ XUH � �H �� 2EVH UY H WKD W WKH R XW�R I�ED QG F R PSR QH QWV LQ
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) LJ XUH � � �D � ,QSXW VLJ QD O� �E� 6KD SH G GD WD A[��Q�� �F �
6KD SH G GD WD A[��Q�� �G� & R PSOH [ pOWH U� �H � 5H F R Y H UH G UH �
VXOW� �I� ) LOWH UH G VLJ QD O � VLQJ OH PR GXOD WR U�

WKH WH VW VLJ QD O KD Y H EH H Q UH MH F WH G E\ WKH VSH F LpH G D PR XQW
D QG WKD W WKH LQ�ED QG GD WD PH H WV WKH � � G% G\ QD PLF UD QJ H
UH T XLUH PH QW� ) R U F R PSD ULVR Q� WKH VLJ QD O VSH F WUXP UH VXOW�
LQJ IUR P D SSO\ LQJ WKH SUR F H VVLQJ VWD J H V LQ WKH R UGH U� UH �
T XD QWL] H � pOWH U D QG GH F LPD WH LV VKR Z Q LQ ) LJ XUH � �I�� 7 KH
LQWH UH VWLQJ SR LQW WR QR WH LV WKD W Z KLOH WKH GXD O h c PR G�
XOD WR U D SSUR D F K VD WLVpH V WKH V\ VWH P SH UIR UPD QF H UH T XLUH �
PH QWV� LWV R XW�R I�ED QG SH UIR UPD QF H LV QR W T XLWH D V J R R G D V
WKH UH VSR QVH GH SLF WH G LQ ) LJ XUH � �I�� 7 KH VWR SED QG SH U�
IR UPD QF H R I WKH GXD O PR GXOD WR U D UF KLWH F WXUH KD V GH J UD GH G
E\ D SSUR [ LPD WH O\ � G%� 7 KLV F D Q EH H [ SOD LQH G E\ QR WLQJ
WKD W WKH VKD SLQJ QR LVH SUR GXF H G E\ H D F K PR GXOD WR U LV H VVH Q�
WLD OO\ VWD WLVWLF D OO\ LQGH SH QGH QW� 6LQF H WKH UH LV QR F R XSOLQJ
EH WZ H H Q WKH VH WZ R F R PSR QH QWV SULR U WR pOWH ULQJ � F R PSOH WH
SKD VH F D QF H OD WLR Q R I WKH PR GXOD WR U QR LVH F D QQR W R F F XU LQ
WKH SR O\ SKD VH pOWH U�

���� 'LV FX V V LRQ

7 R SUR Y LGH D IUD PH R I UH IH UH QF H IR U WKH h c GH F LPD WR U� F R Q�
VLGH U D Q LPSOH PH QWD WLR Q WKD W GR H V QR W SUH �SUR F H VV WKH LQ�
SXW GD WD � EXW MXVW D SSOLH V LW GLUH F WO\ WR D SR O\ SKD VH GH F L�
PD WLR Q pOWH U� $ F R PSOH [ pOWH U SUR F H VVLQJ UH D O�Y D OXH G GD WD
F R QVXPH V GR XEOH WKH ) 3*$ UH VR XUF H V R I D pOWH U Z LWK UH D O
Z H LJ KWV� ) R U 1  � � � � � � � � � & /%V D UH UH T XLUH G� 7 KLV
pJ XUH LV ED VH G R Q D F R VW R I � � & /%V IR U H D F K & & 0 D QG �

& /%V IR U D Q D GG�GH OD \ F R PSR QH QW� 1 R Z F R QVLGH U WKH OR J LF
D F F R XQWLQJ IR U WKH GXD O PR GXOD WR U D SSUR D F K� 7 KH D UH D F R VW

b�G) ,5� IR U WKLV pOWH U LV

b�G) ,5�  � b�h c� � b� G0 8 /�� � b�$ & & ]b�� �� �

Z KH UH b�h c� UH SUH VH QWV WKH OR J LF UH T XLUH PH QWV IR U R QH h c

PR GXOD WR U� D QG b� G0 8 /� LV WKH OR J LF QH H GH G IR U D UH GXF H G
SUH F LVLR Q PXOWLSOLH U� 8 VLQJ WKH pOWH U VSH F LpF D WLR QV GH pQH G

H D UOLH U� D QG � � �WD S H UUR U SUH GLF WLR Q pOWH UV� b�G) ,5�  � d
� � � � � d ��� � � � � � � � d � �  � � � � � & R PSD ULQJ WKH D UH D
UH T XLUH PH QWV R I WKH WZ R R SWLR QV SUR GXF H V WKH UD WLR

y  
b�G) ,5�

b) ,5
 � � � �  � � � � � } � � � �� �

6R IR U WKLV H [ D PSOH � WKH UH �T XD QWL] D WLR Q D SSUR D F K KD V SUR �
GXF H G D UH D OL] D WLR Q WKD W LV VLJ QLpF D QWO\ PR UH D UH D H rF LH QW
WKD Q D VWD QGD UG WD SSH G�GH OD \ OLQH LPSOH PH QWD WLR Q�

�� & (1 7(5 ) 5(48(1 & < 781 ,1 *

) R U ER WK WKH VLQJ OH �UD WH D QG PXOWL�UD WH h c ED VH G D UF KLWH F �
WXUH V� WKH F H QWH U IUH T XH QF \ LV GH pQH G E\ WKH F R H rF LH QWV LQ
WKH SUH GLF WR U pOWH U D QG WKH F R H rF LH QWV LQ WKH SULPD U\ pOWH U�
7 KH F R QVWD QW F R H rF LH QW PXOWLSOLH UV F D Q EH F R QVWUXF WH G XV�
LQJ WKH ) 3*$ IXQF WLR Q J H QH UD WR UV F R QpJ XUH G D V 5$ 0 H OH �
PH QWV� :KH Q WKH V\ VWH P F H QWH U IUH T XH QF \ LV WR EH F KD QJ H G�
WKH V\ VWH P F R QWUR O KD UGZ D UH Z R XOG XSGD WH D OO R I WKH WD �
EOH V WR UH qH F W WKH QH Z F KD QQH O UH T XLUH PH QWV� ,I R QO\ VH Y H UD O
F KD QQH O OR F D WLR QV D UH D QWLF LSD WH G� VH SD UD WH F R QpJ XUD WLR Q ELW
VWUH D PV >� @ F R XOG EH VWR UH G� D QG WKH ) 3*$ �V� UH �F R QpJ XUH G
D V QH H GH G�

�� & 21 & / 86 ,21

7 KLV SD SH U KD V LQWUR GXF H G D QH Z D OWH UQD WLY H IR U F R QVWUXF W�
LQJ QD UUR Z �ED QG pOWH UV XVLQJ ) 3*$ WH F KQR OR J \ � 7 KH VR XUF H
GD WD UH �T XD QWL] D WLR Q D SSUR D F K LV VXLWD EOH IR U ER WK VLQJ OH �
UD WH D QG PXOWL�UD WH SUR F H VVH V� 7 KH SUR SR VH G PH WKR G D UPV
WKH ' 63� ) 3*$ H QJ LQH H U Z LWK D QR WKH U WR R O WKD W LV XVH IXO
IR U F H UWD LQ pOWH ULQJ UH T XLUH PH QWV� ) R U WKH H [ D PSOH V F R QVLG�
H UH G KH UH � OR J LF VD Y LQJ V LQ H [ F H VV R I � � � Z H UH GH PR QVWUD WH G�
$ V WKH IUH T XH QF \ ED QG R I LQWH UH VW R F F XSLH V D VPD OOH U IUD F �
WLR QD O ED QGZ LGWK� WKH R UGH U R I WKH UH T XLUH G pOWH U LQF UH D VH V�
7 KLV J UR Z WK WH QGV WR PD N H WKH GD WD UH �T XD QWL] D WLR Q PR UH
D WWUD F WLY H � D V WKH F R VW R I PR GXOD WR U F R QVXPH V D GH F UH D VLQJ
SUR SR UWLR Q R I WKH H QWLUH GH VLJ Q�

�� 5() (5(1 & (6

>� @ ; LOLQ[ ,QF �� 7 KH 3 URJUDPPDEOH / RJLF 'DWD %RRN� � � � � �

>� @ -� & � & D QG\ D QG *� & � 7 H PH V� ? 2Y H UVD PSOLQJ 0 H WKR GV
IR U $ � ' D QG ' � $ & R QY H UVLR Q� LQ 2 YHUV DPSOLQJ 'HOWD�
6LJPD 'DWD & RQYHUWHUV � 7 KHRU\ 'HV LJQ DQG 6LPX OD�
WLRQ� � � � � � ,((( 3UH VV� 1 H Z < R UN �

>� @ ' � $ � 3D WWH UVR Q D QG -� /� + H QQH VV\ � & RPSX WHU $ UFKL�
WHFWX UH� $ 4 X DQWLWDWLYH $ SSURDFK� 0 R UJ D Q . D XIPD QQ
3XEOLVKH UV ,QF �� & D OLIR UQLD � � � � � �


